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Estimation of the Optimal Maximum Beam
Angle and Angular Increment for Normal

and Shear Strain Estimation
Min Rao*, Student Member, IEEE, and Tomy Varghese, Senior Member, IEEE

Abstract—In the current practice of ultrasound elastography,
only the axial component of the displacement vector is estimated
and used to produce strain images. A method was recently proposed
by our group to estimate both the axial and lateral components of
a displacement vector using RF echo signal data acquired along
multiple angular insonification directions of the ultrasound beam.
Previous work has demonstrated that it is important to choose
appropriate values for the maximum beam angle and angular in-
crement to achieve optimal performance with this technique. In
this paper, we present error propagation analysis using the least-
square fitting process for the optimization of the angular increment
and the maximum beam steered angle. Ultrasound simulations are
performed to corroborate the theoretical prediction of the optimal
values for the maximum beam angle and angular increment. Se-
lection of the optimal parameters depends on system parameters,
such as center frequency and aperture size. For typical system pa-
rameters, the optimal maximum beam angle is around 10◦ for axial
strain estimation and around 15◦ for lateral strain estimation. The
optimal angular increment is around 4◦–6◦, which indicates that
only five to seven beam angles are required for this strain-tensor
estimation technique.

Index Terms—Elasticity, elasticity imaging, elastogram, elastog-
raphy, shear strain, strain, strain tensors, stiffness, ultrasound.

I. INTRODUCTION

IN RECENT years, ultrasound-based strain imaging has re-
ceived considerable interest for use in the diagnosis of both

focal and diffuse diseases [1]–[8]. Elastography is an imag-
ing modality that is based on mapping local internal strains that
biological tissue experience after a quasi-static or dynamic com-
pression. In this technique, local strains are typically estimated
along the axial direction corresponding to the beam propagation
axis by taking the gradient of the tissue displacement following
a uniaxial compression (generally in the direction of beam prop-
agation) [1], [2], [9], [10]. Local tissue displacements along the
beam direction are calculated using time-delay estimation tech-
niques [11]. Lateral (perpendicular to the beam propagation axis
and in the scan plane) and elevational (perpendicular to the beam
propagation axis and the scan plane) displacements are usually
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not estimated in elasticity imaging. However, all the compo-
nents of the strain tensor and displacement vector are required
to characterize the deformation following compression since
tissue motion inevitably occurs in three dimensions [12], [13].
Because the components of the strain tensor are coupled, accu-
rate estimations of all components are necessary for a complete
visualization of the strain incurred in tissue. In addition, with-
out these components, other important parameters such as shear
strains and the Poisson’s ratio cannot be estimated. Knowledge
of the strain tensors and Poisson’s ratio is also necessary for
Young’s modulus reconstruction algorithms [14], [15].

Previous research in the estimation of 3-D components of
the tissue displacement vector for strain imaging has been re-
ported in the literature [16], [17]. Lubinski et al. [16] obtained
lateral displacement estimates utilizing the assumption of tissue
incompressibility. Lateral displacements were computed using
the higher precision axial displacement estimates and assum-
ing a Poisson’s ratio of 0.495. However, the incompressibility
assumption may not hold in some tissues, for example, lung
tissue with a Poisson’s ratio of 0.3 [18] and cartilage with a
Poisson’s ratio of 0.17 [19]. In addition, the Poisson’s ratio may
not be constant, such as for poroelastic tissue, especially when
edema is present [20], [21]. Konofagou and Ophir [17] proposed
the simultaneous estimation of both axial and lateral displace-
ments and strains using a precision tracking algorithm based on
weighted interpolation between neighboring RF A-lines in the
lateral direction, along with an iterative correction of lateral and
axial displacements. They applied a number of cross-correlation
and correction stages for axial and lateral displacements. How-
ever, the extensive lateral interpolation between RF A-lines and
the iterative nature of the algorithm increases its computational
complexity.

Our group recently proposed a method to estimate compo-
nents of a displacement vector using RF echo signal data ac-
quired along multiple angular insonification directions of the ul-
trasound beam [22], [23]. Displacements at each spatial location
in the compressed medium are measured along each beam direc-
tion using time-delay estimation techniques [11]. A linear model
of the relationship between these directional displacements and
components of the actual displacement vector is constructed.
Different components of the displacement vector are then esti-
mated using a least squares solution [22], [23]. The strain-tensor
components are computed from the gradient of the correspond-
ing displacement vector components. This strain-tensor estima-
tion method can reduce noise artifacts in axial strain images and
obtain lateral and shear strain images at the same time, but at
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the expense of the additional processing time required for dis-
placement estimations along the angular directions. The number
of angular datasets depends on two factors: the angular incre-
ment and the maximum angle used in this technique. Generally,
increasing the maximum angle reduces the strain variance and
improves the elastographic SNR (SNRe). However, increased
decorrelation noise artifacts are present for the displacement
obtained over larger insonification angles [24]. So, there exists
an optimal value for the maximum angle used in the strain-tensor
estimation technique. In addition, for a fixed maximum angle,
the most efficient use of processing time would occur if the data
acquired from the different angular directions were statistically
independent. Thus, it is important to choose appropriate values
for the maximum beam angle or angular increment to achieve
optimal performance with this technique.

In this paper, we present a derivation of error propagation
analysis through the least-square fitting process used in our
technique. The variance of the final axial and lateral displace-
ment estimates is expressed as a function of the beam angle.
Ultrasound simulations are performed to corroborate the theo-
retical prediction of the optimal value of the maximum beam
angle and angular increment used in this technique.

II. THEORY

In our method, the displacement vector at each pixel on the
zero-angle grid is estimated using a least squares approach. The
relationship between the actual displacement vector and the
measured angular displacement is given by [22]

q̄ = Ad̄ + n̄ (1)

where

q̄ =




q1
q2
...

qm


 , A =




cos θ1 sin θ1
cos θ2 sin θ2

...
...

cos θm sin θm


 ,

d̄ =
[

dz

dx

]
, and n̄ =




nθ1

nθ2

...
nθm


 .

The variable qi represents an observation of the displacement
vector d̄ at beam angle θi for i = 1, . . . , m, where m is the
total number of beam steering angles and nθi

is the noise in the
observation at angle θi . For simplicity, the noise in the angular
strain estimates is assumed to be similar for all measurements.
The variables dz and dx, respectively, denote the axial and lateral
displacements for the zero-angle condition. We can minimize
the squared error between the measurement q̄ and the linear
model Ad̄ with respect to d̄ to estimate the value of d̄. The
solution is the least squares solution [25], which is given by

d̃ =
(
AT A

)−1
AT q̄ (2)

where d̃ = [d̃z , d̃x ]′ is a vector whose elements represent esti-
mates of the axial and lateral displacements.

We start with computing the error propagation through the
least-square fitting process. First, we derive explicit expressions
of the axial and lateral displacements from (2)

AT A =

[ ∑
j cos2 θj

∑
j sin θj cos θj∑

j sin θj cos θj

∑
j sin2 θj

]
. (3)

The inverse matrix of ATA can be written as(
AT A

)−1

=
1

|AT A|

[ ∑
j sin2 θj −

∑
j sin θj cos θj

−
∑

j sin θj cos θj

∑
j cos2 θj

]
(4)

where |AT A| is the determinant of AT A. So, we can obtain
axial and lateral displacement estimates, which are linear com-
binations of the angular displacements qi

dz =
∑

i

c1iqi dx =
∑

i

c2iqi (5)

where c1 and c2 are functions of θ, and can be derived from (2)
as

c1i =
cos θi

∑
j sin2 θj − sin θi

∑
j sin θj cos θj∑

j sin2 θj

∑
j cos2 θj −

(∑
j sin θj cos θj

)2

c2i =
sin θi

∑
j cos2 θj − cos θi

∑
j sin θj cos θj∑

j sin2 θj

∑
j cos2 θj −

(∑
j sin θj cos θj

)2 . (6)

If we consider only the case with symmetrical negative and
positive angles, the summation terms of

∑
j sin θj cos θj in the

previous equations become zero, and c1 and c2 can be simplified
as follows:

c1i =
cos θi∑
j cos2 θj

c2i =
sin θi∑
j sin2 θj

. (7)

Hence, the estimation of the axial and lateral displacements
can be written as

dz =
∑

i cos θiqi∑
i cos2 θi

dx =
∑

i sin θiqi∑
i sin2 θi

. (8)

The variance for dz and dx can then be derived as follows:

σ2
dz =

∑
i

∑
j

c1ic1jcov (qi, qj )

σ2
dx =

∑
i

∑
j

c2ic2jcov (qi, qj ) (9)

where cov(qi, qj ) denotes the covariance between the angular
displacement estimates at insonification angle θi and θj , given
by

cov(qi, qj ) = ρijσqiσqj (10)

where σqi is the standard deviation of the angular displacement
estimates and can be obtained from the variance of the angular
displacement estimates and is given in [26], (11) as shown at the
bottom of the next page, where γ, δ, µ, and η are thresholds [26],
s denotes the strain, T is the axial window length in units of time,
B is the bandwidth, fc is the center frequency, and the SNR term
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represents the contribution only due to electronic noise (SNRS ).
SNRC incorporates both the electronic noise and the decrease
in SNR caused by signal decorrelation, given as [26]

SNRC =
SNRS SNRρ

1 + SNRS + SNRρ
(12)

where SNRρ = ρ(θi)/1 − ρ(θi) and ρ(θi) is the correlation co-
efficient between the pre- and postcompression RF signals ac-
quired at beam angle θi , given as [24]

ρ (θi) =

√
2a

a2 + 1

× exp

{
−cos2 θi

4

[
(x01 − x02)

2

σ2
x

+
(z01 − az02)

2

σ2
z

]}

× exp
(
−σ2

z π2f 2

cos2 θi

)
f =1−a2 /a2 λ0

. (13)

The parameter a is the compression or strain factor that
scales the tissue scattering function defined in terms of the ac-
tual applied tissue compression ε, a = 1/(1 − ε)∼ 1 + ε for
ε � 1. (x01 , z01) and (x02 , z02) are the coordinates of the po-
sitions where the pre- and postcompression RF signals are
acquired. σx and σz are the widths of the lateral and axial
beam point spread function, respectively, which are assumed
to be Gaussian profiles defined by pz (z) = exp(−z2/2σ2

z ) and
px(x) = exp(−x2/2σ2

x), and λ0 is the wavelength at the center
frequency.

The term ρij in (10) is the correlation coefficient between
the angular displacement estimates at angles θi and θj . Since
the angular displacements are derived from angular pre- and
postcompression RF signals, it is natural to look for ρij through
the correlation between angular RF signals acquired from beam
angles θi and θj . We have developed a theoretical formalism that
approximates ρRF(θi, θj ), the correlation between RF signals
acquired from any two beam angles [27]

ρRF (θi, θj )

= 2

√
a cos2 θi cos2 θj

(cos2 θi + cos2 θj ) (a2 cos2 θi + cos2 θj )
F1F2

(14)

where F1 and F2 can be written as

F1 = exp
[
− cos2 θi cos2 θj

2σ2
x (cos2 θi + cos2 θj )

(x01 − x02)
2
]

× exp
(

−2π2σ2
xf 2

cos2 θi + cos2 θj

)
f =2b/z0 1 λ0

(15)

F2 = exp
[
− cos2 θi cos2 θj

2σ2
z (a2 cos2 θi + cos2 θj )

(z01 − az02)
2
]

× exp
(

−2π2σ2
z a2f 2

a2 cos2 θi + cos2 θj

)
f =1−a2 /a2 λ0

(16)

where (x01 , z01) and (x02 , z02) are the coordinates of the po-
sitions where the pre- and postcompression RF signals are ac-
quired, b is the distance between the two apertures of the trans-
ducer given by b = z01(tan θi − tan θj ). It is possible to derive
ρij from ρRF(θi, θj ); however, the derivation is complicated.
For the sake of simplicity, we use ρ2

RF(θi, θj ) to approximate
ρij .

Thus, the lower bound on the variance of the axial and lateral
displacements can be obtained by substituting (11) and (14) into
(9). From the definition of the strain tensors, we can estimate
the lower bound on the variance of the axial and lateral strain
estimates using the following relationship:

σ2
sz ≥ 2σ2

dz

Z ∆z
σ2

sx ≥ 2σ2
dx

X ∆x
(17)

where σ2
sz and σ2

sx are the variances of axial strain and lateral
strain estimates, respectively, X denotes the lateral beam width,
which is assumed to be 2σx, ∆x the beam spacing, and Z and
∆z are the window length and window separation in the axial
direction.

III. SIMULATIONS

A. Method

Numerical simulations are used to verify the theoretical
derivation presented in this paper. Ultrasound RF echo signals
at different insonification angles before and after an applied
compression of the tissue-mimicking numerical phantom were
obtained using an ultrasound simulation program developed by
Li and Zagzebski [28]. The conditions simulated for the acqui-
sition of RF signals at different beam steering angles is shown in
Fig. 1. A linear array transducer was modeled, which consisted

σ2
qi ≥




(sT )2

12
, (BT ) SNRC < γ

Threshold γ < (BT ) SNRC < δ

18f 2
c

π2T (B5 + 12B3f 2
c )

[
1

ρ (θi)
2

(
1 +

1
SNR2

)2

− 1

]
, δ < (BT ) SNRC < µ

Threshold µ < (BT ) SNRC < η

3
2π2T (B3 + 12Bf 2

c )

[
1

ρ (θi)
2

(
1 +

1
SNR2

)2

− 1

]
, η < (BT ) SNRC

(11)
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Fig. 1. Schematic diagram of the angular insonfication method for strain-
tensor estimation. Beam steering using a linear array transducer is used from
−25◦ to 25◦ with a minimum angular increment of 1◦. RF signals are generated
for each beam angle before and after an applied compression of the tissue-
mimicking numerical phantom.

of 0.1 × 10 mm elements with a 0.1-mm center-to-center el-
ement separation. Each beam line was formed using 128 con-
secutive elements. Beam steering for the linear array transducer
was simulated by selecting appropriate time delays for each el-
ement that determines the focal point and steering angle for the
beam. In our simulation, beam steering was applied from −25◦

to 25◦ with a minimum angular increment of 1◦. The incident
pulses were modeled to be Gaussian shaped with an 8-MHz
center frequency and a −6 dB bandwidth of 100%. We set the
transmit focus at 30 mm, and dynamic focusing was utilized on
receive. The elevational focus was set at 60 mm. The sampling
frequency utilized was 52 MHz.

A uniformly elastic phantom was simulated by modeling a
random distribution of 50-µm polystyrene beads with an av-
erage concentration of 9.7 per mm3 in a medium (to simulate
Rayleigh scattering statistics) that has a speed of sound of 1540
m/s. The attenuation of the phantom was set to zero so that
the signal intensity would be uniform for all depths. The mod-
eled phantom dimensions were 40 (width) × 40 (height) ×
10 mm (thickness). After calculating RF signals for each of the
insonification angles as shown in Fig. 1, the phantom was de-
formed by a uniaxial compression (1% of the phantom height)
in the z-direction, with the top surface of the phantom fixed. The
displacement of each scatterer in the phantom was calculated
using the finite-element analysis (FEA) software (ANSYS, Inc.,
Canonsburg, PA). The Poisson’s ratio of the modeled phantom
was set to 0.495, and plane-strain conditions were assumed.
The new scatterer positions were used when calculating the
postcompression echo signals at each insonification angle. The
strain-tensor estimation algorithm [22], [23] was then applied
to the pre- and postcompression angular RF datasets, and re-
sults were compared to the theoretical predictions derived in
this paper.

B. Results

Fig. 2 presents a comparison between the theoretical pre-
diction and simulation results for the variance of the angular
displacement estimates as a function of the beam angle. For the
simulation results, angular displacements were obtained by ap-
plying a 1-D normalized cross-correlation algorithm [1] to the
simulated pre- and postcompression angular RF datasets using a

Fig. 2. Variance of the angular displacement estimates versus the beam angle.

3-mm window size and 75% overlap between consecutive win-
dows. Linear interpolation was utilized for image registration
of the angular displacement data to a Cartesian spatial grid. The
variance was then calculated using a rectangular region of inter-
est (ROI) with dimensions of 2 × 2 mm at the center of angular
displacement maps. To eliminate the effect of variation of angu-
lar displacement at different locations, the angular displacement
estimates were detrended by ideal angular displacements, ob-
tained using FEA simulations before computing the variance
of angular displacement. The error bars denote the standard
deviation of the mean–variance estimates over 12 independent
datasets, which were obtained using 12 independent realizations
of the ultrasound simulation program with randomly distributed
tissue scatterers. The theoretical prediction, obtained by com-
puting (11)–(13), is plotted as the dashed line. An increased
variance is observed at larger beam steering angles, as shown in
Fig. 2. This is because angular displacement estimates obtained
when the beam angle relative to the direction of compression
is large suffer from significant decorrelation of the pre- and
postcompression RF echo signals. As illustrated in the figure,
theoretical predictions underestimate the variance of angular
displacements, especially at large beam angles (>15◦). This is
because the theoretical model assumes that the displacement
is accurately tracked [24], while the simulation results contain
errors in the displacement estimates due to signal decorrelation
effects, which are more pronounced at large beam steering an-
gles [29]. Another reason for the discrepancy between theory
and simulation is that the effective aperture may change slightly
during the beam-steering process while the theoretical model
does not take this effect into account.

Fig. 3 illustrates examples of axial (top) and lateral (bottom)
displacement images of the simulated uniform phantom ob-
tained by applying the strain-tensor estimation algorithm [22],
[23] to the angular displacement estimates. Units of the displace-
ment estimated are in millimeters. Results for different values
of the maximum angle and angular increment are compared.
Note that for the axial displacement computed, the images are
quite smooth, and the maximum angle and angular increment
have little impact on the image quality. The lateral displacement,
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Fig. 3. Axial and lateral displacement images obtained using different values
of maximum angle and angular increment. The unit of the displacement is
millimeters. (a) θm ax = 3◦, ∆θ = 1◦. (b) θm ax = 9◦, ∆θ = 1◦. (c) θm ax =
15◦, ∆θ = 1◦. (d) θm ax = 15◦, ∆θ = 3◦.

however, is quite noisy as observed for a maximum angle of 3◦,
as shown in Fig. 3(a). Observe that as the maximum angle used
in the strain-tensor estimation algorithm increases, the image
quality of the lateral displacement is also improved. Also note
that similar results are obtained when using an angular incre-
ment of 3◦ as compared to the results for an angular increment
of 1◦, as shown in Fig. 3(c) and (d).

Fig. 4 presents plots of the variance of the axial displace-
ment versus the maximum angle and the angular increment.
For the simulation results, the variance values were computed
over a rectangular ROI with dimensions of 4 (width) × 1 mm
(height) at the center of axial displacement images. The error
bars represent the standard deviation obtained over 12 indepen-
dent datasets. The angular increment used in the plot on the top
was 1◦, while the maximum angle used in the plot on the bottom
was 12◦. As illustrated in the figure, the theoretical prediction is
lower than simulation results. This discrepancy can be explained
as follows. First, our model underestimates the variance of the
angular displacement, as shown in Fig. 2. Second, in our model,
we use the correlation between pre- and postcompression RF
signal acquired from two different beam angles to approximate
the correlation between the angular displacement estimates at
these two angles. The use of this approximation may lead to a
small numerical discrepancy. Finally, the theoretical prediction
of the displacement variance is estimated at a single position
in the phantom, while the simulation results were computed
over a small ROI in the displacement image. This may also lead
to some differences between theoretical and simulation results.
Nevertheless, the theoretical curve and simulation results follow
a similar trend against the maximum angle and versus the angu-
lar increment. As shown in Fig. 4 (top), the variance of the axial
displacement estimates decreases with the maximum angle with
the lowest value around 12◦. Further increases in the maximum
angle in the strain-tensor estimation algorithm produce a small
increase in the variance. This is because the displacement noise
has been reduced by the linear fitting procedure [22], [23] when
using angular displacement estimates from small angles. The
slight increase in the variance for maximum angles greater than
12◦ is due to the presence of increased noise at the larger insoni-
fication angles, as described in Fig. 2. To improve the efficiency

Fig. 4. Theoretical and simulation results for the variance of the axial dis-
placement as a function of (top) the maximum angle and (bottom) the angular
increment. The angular increment used in the plot on the top was 1◦ and the
maximum angle used in the plot at the bottom was 12◦.

of the strain-tensor estimation technique, we need to choose an
optimum angular increment so that fewer angular displacements
are required to obtained similar strain-tensor images. Angular
increments of 1◦–6◦ provide similar results for the variance of
the axial displacement for a maximum angle of 12◦, as shown in
Fig. 4 (bottom). This is because RF data from a phantom volume
scanned with beams separated by a small angular increment are
highly correlated [30].

Fig. 5 presents a comparison between theoretical and simu-
lation results for the variance of the lateral displacement as a
function of the maximum angle and the angular increment. The
angular increment used in the plot on the top was 1◦, and the
maximum angle used in the plot at the bottom was 12◦. For the
simulation results, the variances were computed over a rectan-
gular ROI with dimensions of 1 (width) × 4 mm (height) at the
center of axial displacement images. As illustrated in the figure,
the variance of the lateral displacement is about two orders of
magnitude higher than the variance of the axial displacement,
as shown in Fig. 4. The theoretical curves exhibit a similar
trend as the simulation results. The numerical discrepancies be-
tween theory and simulation results can be explained in a man-
ner similar to that described earlier for the axial displacement
results.

Fig. 6 presents examples of axial (top) and lateral (bottom)
strain images of the simulated uniform phantom obtained using
the strain-tensor estimation algorithm [22], [23]. As shown in
Fig. 6(a)–(c), the image quality of the axial and lateral strains
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Fig. 5. Theoretical and simulation results for the variance of the lateral dis-
placement as a function of (top) the maximum angle and (bottom) the angular
increment. The angular increment used in the plot on the top was 1◦ and the
maximum angle used in the plot at the bottom was 12◦.

Fig. 6. Axial and lateral strain images obtained using different values of
maximum angle and angular increment. (a) θm ax = 3◦, ∆θ = 1◦. (b) θm ax =
9◦, ∆θ = 1◦. (c) θm ax = 15◦, ∆θ = 1◦. (d) θm ax = 15◦, ∆θ = 3◦.

has been improved by using the larger maximum angles. Note
that there is a slight decrease in the image quality when using
an angular increment of 3◦ when compared to 1◦, as shown in
Fig. 6(c) and (d).

To quantitatively evaluate the effect of the maximum angle
and angular increment on the image quality of the axial and
lateral strains, the SNRe (see the Appendix A) was computed
over a rectangular ROI of 1 × 1 cm at the center of the strain
images and compared to theoretical predictions, as shown in
Figs. 7 and 8. For the axial strain, theoretical curves show sim-
ilar trends as the simulation results. The optimal value for the
maximum angle is around 10◦–12◦, where the SNRe starts to

Fig. 7. Comparison between theoretical prediction and simulation results of
the SNRe variation for axial strain estimates versus (top) the maximum angle
and (bottom) the angular increment.

saturate and does not increase much with further increases in the
maximum angle. For a fixed maximum angle of 12◦, the optimal
angular increment is around 4◦, as shown in Fig. 7 (right). In
general, smaller angular increments require a larger number of
angular datasets to be acquired. So, the angular increment of
4◦ provides the best tradeoff in image quality versus acquisition
time because fewer angular datasets are needed to obtain similar
SNRe in the axial strain images.

For the lateral strain, the simulation results indicate that the
SNRe increases with the maximum angle, reaching a maximum
around 17◦, and slightly decreases beyond this maximum angle,
as shown in Fig. 8. The theoretical curve, however, increases all
the way with the maximum angle, and follows a similar trend
when the maximum angle is smaller than 17◦, but overestimates
the SNRe at larger maximum angles. This is because the theory
underestimates the variance of the angular displacement, espe-
cially at large beam angles, as shown in Fig. 2. So, the optimal
value for the maximum angle is around 15◦–17◦ for lateral strain
imaging. Note that the theory is less reliable at large beam an-
gles. For a fixed maximum angle of 12◦, the optimal angular
increment is around 4◦–6◦, as shown in Fig. 8. From Figs. 7 and
8, note that the optimal parameters for the strain-tensor estima-
tion model is different for axial strain and lateral strain imaging.
Typically, the optimal parameter values of the maximum angle
and angular increment are larger for lateral strain imaging when
compared to that for axial strain imaging.
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Fig. 8. Comparison between theoretical prediction and simulation results of
the SNRe variation for the lateral strain estimates versus (top) the maximum
angle and (bottom) the angular increment.

IV. DISCUSSIONS

Utilizing RF data acquired from multiple beam insonification
angles, the angular strain-tensor estimation method estimates the
normal and shear strain images, but at the expense of additional
processing time for local displacement estimations along the
angular directions. It is important to choose appropriate values
of the maximum angle and angular increment to achieve optimal
performance with this technique. The theoretical derivation pre-
sented in this paper provides a method to predict the SNRe of the
axial and lateral strain estimates as a function of the maximum
angle and the angular increment. The comparison between the
theoretical prediction and simulation results demonstrates that
our theoretical model is capable of predicting the optimal pa-
rameters for the strain-tensor estimation method when the beam
angle is smaller than 15◦, as shown in Figs. 7 and 8. Although
there are some discrepancies between theoretical and simulation
results, the trend in the variation of the SNRe as a function of the
maximum angle and angular increment is similar, which pro-
vides sufficient information to determine the optimal values for
the maximum angle and the angular increment. The SNRe of the
strain images also depends on other system parameters, such as
the center frequency, bandwidth, aperture size, etc. It is therefore
necessary to understand how all these system factors affect the
optimal parameters for the strain-tensor estimation technique.

Fig. 9 shows the theoretical prediction of the SNRe of the
axial and lateral strains as a function of the maximum angle and

Fig. 9. Variations in the SNRe of the axial and lateral strain estimates versus
the maximum angle and the angular increment for different center frequencies.
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angular increment for different center frequencies. Results were
obtained using 3-mm RF segments centered at a depth of 3 cm
for a 1% applied compression. The aperture of the transducer
was assumed to be 1.5 cm, and the bandwidth was 60%. As il-
lustrated in the figure, higher center frequencies provide higher
SNRe for the axial and lateral strain estimates. For the axial
strain, the optimal values for the maximum angle and angular
increment are smaller for higher center frequencies. The optimal
acquisition scheme for a 10-MHz center frequency is to use a
maximum angle of around 3◦ with an angular increment around
1◦ or smaller. At a center frequency of 4 MHz, however, a maxi-
mum angle of 10◦ with an increment of 5◦ is a good choice. This
is because the echo signal decorrelates faster with beam angle
at higher center frequencies due to the narrower beam width, as
described in our previous work [24], [27]. The faster decorre-
lation between pre- and postcompression RF signals with beam
angle at higher center frequencies, as given in (13), leads to
increased noise artifacts in the angular displacement estimates
with beam angle. Thus, the SNRe of the axial strain estimates
begin to decrease at small beam angles. Similarly, the correla-
tion between RF signals acquired from two different angles, as
given in (14)–(16), decreases with the rotation angle (the dif-
ference between the two angles) and is faster at higher center
frequencies. Therefore, the angular increment should be smaller
when higher values of the center frequency are used. For lateral
strain estimation, as shown in Fig. 9, the curves exhibit similar
trends for all center frequencies. In other words, the center fre-
quency has little effect on the optimal scheme for lateral strain
estimation. The optimal value for the maximum angle should
be chosen as large as possible, say 15◦, for all center frequen-
cies. Note that we should be careful, especially at higher center
frequencies, since our theoretical model is not reliable at large
beam angles, as described in Fig. 8.

Fig. 10 shows the theoretical prediction of the variation in the
SNRe of the axial and lateral strains as a function of the max-
imum angle and angular increment for different aperture sizes.
The RF segment studied here is again centered at a 3-cm depth
with 1% strain, and the segment length is 3 mm. The insoni-
fication frequency used is 4 MHz. As illustrated in the figure,
generally, smaller aperture sizes provide higher SNRe values for
strain images. This is because the RF signals decorrelate faster
with beam angle for larger aperture sizes due to narrower beam
generated with larger apertures [24], which leads to increased
noise artifacts in angular displacement and subsequently the
strain images. Since the noise in the angular displacement es-
timates increases quickly with beam angle for larger aperture
sizes, the optimal value of the maximum angle for axial strain
estimation is very small, say 0◦ for aperture size of 20 mm, as
shown in Fig. 10.

For lateral strain estimation, the SNRe increases with the
maximum angle almost linearly, and the slope is smaller for
larger aperture sizes due to the faster increase in the noise ar-
tifacts in the angular displacement estimates with beam angle.
Note that the SNRe of the lateral strain is higher for large aper-
ture sizes when the maximum angle is small (<4◦), as shown
in Fig. 10. The explanation for this behavior is that at small
beam angles, the effect of aperture size on the variance of the

Fig. 10. Variation in the SNRe of the axial and lateral strains estimates versus
the maximum angle and the angular increment for different aperture sizes.
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lateral displacement estimates is primarily from the negative
terms in (9b), which have larger magnitudes for large aperture
sizes, since ρij in (10) increases with aperture size [27]. As
shown in Fig. 10, the optimal value for the angular increment
should be smaller for small aperture sizes. This is because the
correlation coefficient between RF signals acquired from the
two angles, ρij in (10), falls off quickly with rotation angle for
smaller apertures [27].

The analysis in this paper assumes that tissue remains sta-
tionary during the pre- and postcompression imaging periods
when RF data from different beam angles are recorded. In prac-
tice, however, tissue motion may occur during angular data
acquisition procedure, and can introduce additional errors into
the strain-tensor estimation technique, especially with free-hand
compression. To minimize tissue motion during acquisition of
the pre- and postcompression datasets, we utilize stepper-motor-
controlled compression devices, as described in [23], which also
reduces transducer movement during data acquisition. It is also
desirable to use a smaller number of angles by choosing optimal
values of the maximum angle and angular increment to speed
up the angular data acquisition procedure, thereby reducing the
impact of motion artifacts.

V. CONCLUSION

We have derived a theoretical expression for the variance
of the axial and lateral displacement estimates, obtained us-
ing our strain-tensor estimation technique from data acquired
at different insonification angles. This study is based on our
previously derived theoretical model [24], [27], where the anal-
ysis of the correlation between pre- and postcompression RF
echo signals obtained with an angular beam and the correlation
between RF signals acquired from two different angles were pre-
sented. Under certain approximations, a closed-form analytical
expression for the SNRe of the axial and lateral strains can be
derived. However, for large beam angles (>15◦), tracking errors
in the angular displacement estimation and the effective aper-
ture change during the beam-steering procedure should also be
taken into consideration in the theoretical model. This is beyond
the scope of this study. The theoretical prediction matches well
with numerical simulations presented in the paper. Note that
in this study, numerical simulation was performed for 1% ap-
plied compression with the 1-D cross-correlation method used
to track displacement along each insonification angle. For larger
compressions, however, increased lateral motions are expected,
and 2-D tracking algorithms should be used to estimate the an-
gular displacement. For typical system parameters, the optimal
maximum beam angle is around 10◦ for axial strain estimation
and around 15◦ for lateral strain estimation. The optimal angu-
lar increment is around 4◦–6◦, which indicates that only five to
seven beam angles are required for this strain-tensor estimation
technique. Generally, the optimal value of the maximum angle
for lateral strain estimation is larger than that for axial strain es-
timation. And the optimum angular increment should be smaller
for high center frequencies and smaller aperture sizes. The the-
ory presented in this paper is useful for choosing the optimum

parameters for the angular data acquisition process in the strain-
tensor estimation model.

APPENDIX A

The elastographic SNR of strain estimates:

SNRe =
εs

σs
(A1)

where εs and σs are, respectively, the mean and standard devi-
ation of the strains over a region of uniform elasticity.
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