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Ultrasonic scatterer size estimates generally have large variances due to the inherent noise of
spectral estimates used to calculate size. Compounding partially correlated size estimates associated
with the same tissue, but produced with data acquired from different angles of incidence, is an
effective way to reduce the variance without making dramatic sacrifices in spatial resolution. This
work derives theoretical approximations for the correlation between these size estimates, and the
coherence between their associated spectral estimates, as functions of ultrasonic system parameters.
A Gaussian spatial autocorrelation function is assumed to adequately model scatterer shape. Both
approximations compare favorably with simulation results, which consider validation near the
focus. Utilization of the correlation/coherence expressions for statistical analysis and optimization is
discussed. Approximations, such as the invariance of phase and amplitude terms with angle, are
made to obtain closed-form solutions to the derived spectral coherence near the focus and permit
analytical optimization analysis. Results indicate that recommended parameter adjustments for
performance improvement generally depend upon whether, for the system under consideration, the
primary source of change in total coherence with rotation is phase term variation due to the change
in the relative position of scattering sites, or field amplitude term variation due to beam movement.
© 2004 Acoustical Society of America.@DOI: 10.1121/1.1756615#
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I. INTRODUCTION

Ultrasonic scatterer size estimation and imaging
proven to be both feasible and useful for the monitorin
diagnosis, and study of disease.1–9 However, it is hampered
by low signal-to-noise ratios, which ultimately result fro
the random placement of scatterers in tissue.10–12 This diffi-
culty is intrinsic to the majority of techniques used in ultr
sonic imaging, including standard B-mode processing in
form of speckle.13–15One method that can be used to redu
the severity of this problem is to spatially compound p
tially correlated results which are associated with the sa
tissue, but which are produced with data that are taken f
different angles of incidence. The application of spatial co
pounding to B-mode imaging has been investigated ex
sively, and has yielded excellent results.16–19 As a result,
many modern clinical scanners include a compounding
tion to reduce speckle and provide the additional benefi
improved specular reflector imaging. Recent work done
our group has been devoted to adapting the spatial c
pounding technique for use in elastography and parame
imaging that involves spectral analysis, such as scatterer
and attenuation imaging.20 For the case of parametric imag
ing, either the power spectral estimates necessary for pa
eter estimation can be compounded beforehand, or para
ric estimates can be generated for each angle of incide
and then averaged.

Much theoretical work, with implications for the statis
tical analysis and optimization of B-mode spatial compou
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ing, has also been done.16,18 Wagneret al. and O’Donnell
et al. investigated the dependence of the rf signal and am
tude correlation upon experimental parameters. O’Donn
et al. used the results to explore optimizing transducer tra
lation for compounding. However, because work concern
with the application of angular compounding to paramet
imaging has been recent, the analogous theoretical rese
for signal power spectra and parameter estimates has
been done.

The purpose of the following is to develop a theoretic
framework that, although pertinent for any type of tiss
characterization involving power spectra, will permit stat
tical analysis and optimization in the application of angu
compounding to scatterer size estimation and imaging in p
ticular. Approximate expressions for both spectral cohere
and size estimate correlation in terms of experimental par
eters, including the angular separation between different
cidence directions, are derived. Results of a comparison
tween these expressions and simulations are presente
general discussion of the statistical analysis and optimiza
of angular compounding techniques applied to size esti
tion, given knowledge of the correlation as derived, ensu
Finally, further assumptions are made which yield analy
solutions to the expression for the spectral coherence,
based upon the results, parameter adjustment recomme
tions for performance improvement are given.

II. THEORY

A. Spectral coherence

The essential quantity for determining the correlati
between size estimates is the coherence between the Fo
16(3)/1832/10/$20.00 © 2004 Acoustical Society of America
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transforms of the rf~radio frequency! data segments used t
generate those estimates. In general form, the Fourier tr
form of an rf data segment gated with a rectangular wind
is given approximately by21

V~v!'G~v!B~v!v2E
DV

drg~r !At~r ,v!Ar~r ,v!, ~1!

where v is the angular frequency,G(v) is the complex
transfer function for the transducer,B(v) is the complex
superposition coefficient corresponding to the insonify
pulse, andAt and Ar are the field integrals~see the appen
dix!, which include attenuation terms, corresponding to s
tial point r ~the origin at the transducer face! for transmit and
receive, respectively. It is assumed that a linear, sh
invariant system is scanning a stationary, medium in wh
only incoherent scatter is significant.g(r )5@k(r )2k0#/k0

2@r(r )2r0#/r(r ) is the reflectivity of the scattering me
dium, wherek andr are compressibility and density, andk0

and r0 are their corresponding mean values for t
medium.22 DV is the region of the medium which contribute
significantly to the gated rf signal. It includes positions
space for which 2ur u/c falls within the time gate, wherec is
the speed of sound for the medium. Approximating the ti
gate as a spatial gate in this manner is viable given that
time duration of the system response for a single scatter
short in comparison to the gate length. As a result, it is m
accurate when broadband pulses are used.

Within this framework, reflectivity is a random variab
with zero mean. The covariance between two Fourier tra
formed signal segments, obtained from the same medium
different transducer positions, is therefore given by

^V1~v!V2* ~v!&'uG~v!B~v!u2v4E E
DV1,2

dr1dr2

3At~T~r1!,v!Ar~T~r1!,v!

3At* ~r2 ,v!Ar* ~r2 ,v!

3^g~r1!g* ~r2!&, ~2!

where the spatial integration is done in the coordinate sys
defined by transducer position 2, andT transforms coordi-
nates in this system to those of the system defined by tr
ducer position 1. In this instance, it is used to place
tw
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acoustic field generated at position 1 into the coordinate s
tem defined by position 2. This formulation assumes that
acoustic field produced by the transducer is identical for
sitions 1 and 2. However, it can be easily adapted by cha
ing the field integral for one of the positions to include cas
where they are different. Making the change of integrat
variable,r25r11Dr , and invoking the approximation21 of-
ten used in the far-field,kur11Dr2r 8u'kur12r 8u1k•Dr
and ur 11DrÀr 8u'ur 1Àr 8u, yields

^V1~v!V2* ~v!&'uG~v!B~v!u2v4

3E
DV1

dr1 At~T~r1!,v!

3Ar~T~r1!,v!At* ~r1 ,v!Ar* ~r1 ,v!

3E
DV2

Rg~Dr !e22ik•DrdDr , ~3!

whereRg(Dr ) is the autocorrelation function of the reflec
tivity, is a function of Dr alone for statistically stationary
media, and falls to zero quickly for media containing sm
scatterers.22 It is, in general, the sharp decrease in this va
with distance that makes the approximation described ab
appropriate.k ~the magnitude denoted byk! is the wavenum-
ber corresponding to the angular frequency,v, and has direc-
tion (r12r 8)/ur12r 8u wherer 8 is the variable of integration
in the field integrals. Assuming that the autocorrelation fun
tion possesses spherical symmetry, Eq.~3! can be simplified
to

^V1~v!V2* ~v!&'uG~v!B~v!u2C~v!v4

3E
DV1,2

dr1 At~T~r1!,v!

3Ar~T~r1!,v!At* ~r1 ,v!Ar* ~r1 ,v!,

~4!

whereC(v) is the Fourier transform of the autocorrelatio
function, and is directly related to the form factor for th
medium.22 As before, the integration is restricted to values
r1 for which signals from both fields fall into the time gat
The coherence between Fourier transformed segment
therefore given by
r1,2~v!5
^V1~v!V2* ~v!&

A^uV1~v!u2&A^uV2~v!u2&
'

*DV1,2
dr1 At~T~r1!,v!Ar~T~r1!,v!At* ~r1 ,v!Ar* ~r1 ,v!

*DVdr uAt~r ,v!u2uAr~r ,v!u2
, ~5!
n the
nts,

cern
where it has been assumed that the time gates for the
positions are identical in duration and type. Assuming t
the medium contains many independent scatterers per g
segment, the real and imaginary parts of the segment tr
forms are approximately jointly Gaussian distributed. As
result, the mathematical formalism pertaining to Gauss
distributed variables used by Wagner in determining spec
o
t

ted
s-

a
n
le

correlation also applies here, and the coherence betwee
periodogram power spectral estimates for the segme
given byuV(v)u2, can be expressed by the simple formula18

rS~v!5ur1,2~v!u2. ~6!

Although Eqs.~5! and ~6! are valid for any two data
segments taken from the same medium, the primary con
1833Gerig et al.: Angular compounding in size estimation
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here is with the coherence between segments obtained
the same location but from different angles of incidence.
this case, if the spatial coordinate system for integration
redefined such that the origin is located at the transduc
axis of rotation, as illustrated in Fig. 1, then the transform
tion of Eq. ~5! becomes a simple rotation about that a
where

x95x8 cosu2y8 sinu, y95x8 sinu1y8 cosu, ~7!

FIG. 1. The coordinate system used in deriving the spectral coherenc
tween angled beamlines.
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andu is the angular separation between positions 1 and 2
general, Eq.~5! is not easy to calculate analytically due
the inherent difficulty of obtaining closed-form expressio
for the acoustic fields involved, and to the complexity
those expressions as integrands when they are availab
closed-form. However, it is possible to simplify the integr
in certain cases. One of the simulations included in this pa
is devoted to verifying Eq.~5! for one such case, namely
when the far-field approximation can be used. The field at
transmit focus of a transducer can be accurately represe
by this approximation23 and will receive particular attention
here, although the approximation is appropriate in other
stances as well. To further simplify matters for the simu
tion, attenuation will be neglected. Applying the far-field a
proximation to Eq.~5! yields

r1,2~v!

'

E
DV1,2

P„T~r1!,v…P~r1 ,v!
e2ikuT~r1!u

uT~r1!u2

e22ikur1u

ur1u2 dr1

E
DV

P2~r ,v!
1

ur u4
dr

,

~8!

whereP is the point-spread function~amplitude only! of the
transducer, which can include terms for dynamic receive
erture and apodization. Assuming approximate field symm
try in the elevational direction such that integration in th
direction is unnecessary, and applying the geometry of F
1, where the rotation axis is perpendicular to the diagram
passes through the transducer transmit focus, gives

e-
r1,2~v!'
*DV1,2

dx dy p~x cosw2y sinw,x sinw1y cosw,v!p~x cosw1y sinw,2x sinw1y cosw,v!

*DVdx dy p2~x,y,v!

3

e2ik~A~x2b/2!21~y02y!22A~x1b/2!21~y02y!2!
1

@~x2b/2!21~y02y!2#@~x1b/2!21~y02y!2#

1

@x21~n2y!2#2

, ~9!
tion
for
se
, to

dels

erer
wherep(x,y,v) is the point-spread function when the coo
dinate system has been translated from the transducer fa
the transmit focus, and half-angle transformations~w5u/2!
have been applied to both transducer positions rather th
full-angle transformation to position 1 alone.b is the dis-
tance from position 1 to position 2 andn is the distance from
the transducer face to the transmit focus.

B. Size estimate correlation

Size estimation generally involves dividing a spect
estimate obtained from a medium by a type of transfer fu
to

a

l
-

tion for the system used to gather the data, and an attenua
correction term.1,4 What results is a backscatter estimate
the medium, which can be fit to theoretical curves, who
frequency dependencies are functions of scatterer size
produce a size estimate. Several different theoretical mo
have been used to generate size estimates,4 however, the em-
phasis here will be upon the Gaussian model for scatt
spatial autocorrelation functions~SAF!. For this model, the
size estimate~effective radius! corresponding to an indi-
vidual backscatter estimate is given by11
Gerig et al.: Angular compounding in size estimation
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â25
2d1

2c2(vmin

vmax~y~v!v22 ȳv2!

80(vmin

vmax~v22v2!2
, ~10!

wherey(v)510 ln„BŜC(v)/v4
…, d1'3.1 is a constant tha

relates the scatterer size to the characteristic length of
Gaussian SAF, and the summation is over discrete freque
values within the bandwidth of the transducer. Althou
backscatter estimates„BŜC~v!… at neighboring frequency
points can, in general, be correlated~e.g., if zero-padding or
nonrectangular gates are used in a spectral estimation!, the
assumption here will be that only uncorrelated terms h
been included in the summation and that correlated te
have been discarded.

Assuming that a periodogram is used to generate s
tral estimates for size estimation, the results from the prec
ing section can be used to determine the correlation betw
both backscatter and size estimates produced using c
lated rf data segments. If knowledge of the associated sys
transfer function and attenuation is near perfect, thenŜ(v)
5 f (v)BŜC(v), where Ŝ(v) is a power spectral estimat
and f (v) is dependent solely upon the transfer function a
attenuation@includes all terms from Eq.~4! for a zero degree
angle butv4C(v)]. The correlation between backscatter e
timates is therefore given by

rBSC~v!

5

1

f 1~v! f 2~v!
^~Ŝ1~v!2^Ŝ1~v!&!„Ŝ2~v!2^Ŝ2~v!&…&

1

f 1~v!
std~Ŝ1~v!!

1

f 2~v!
std„Ŝ2~v!…

5rS~v!, ~11!

where the subscripts, as previously, refer to different lo
tions in the same medium. From here, the approximation24

cov~ â1 ,â2!'(
v i

(
v j

S ]â1

] BŜC1~v i !
D S ]â2

] BŜC2~v j !
D

3cov„BŜC1~v i !,BŜC2~v j !… ~12!

can be used to determine the correlation between size
mates, where each partial derivative is evaluated at the
pected value of the associated backscatter. Given that
backscatter estimates are uncorrelated from frequency to
quency for both medium locations, the covariance betw
backscatter estimates for the two locations must be zero
less the frequencies are identical, i.e. if BSˆC1(v i) and
BŜC1(v j ) are uncorrelated, it follows that BSˆC1(v i) and
BŜC2(v j ) are also uncorrelated. As a result, Eq.~12! can be
simplified to

cov~ â1 ,â2!'(
v i

S ]â

]BŜC~v i !
D 2

^BŜC~v i !&
2rBSC~v i !,

~13!

where the expected value of the backscatter is equivalen
and has been substituted for, the standard deviation of
backscatter estimator10 for positions 1 and 2~legitimate
given the earlier assumption that joint-Gaussian statistics
J. Acoust. Soc. Am., Vol. 116, No. 3, September 2004
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ply to the data segment transforms!, and the subscripts hav
been dropped since the quantities involved, other than
backscatter correlation, are independent of spatial posit
Finally, using Eq.~10! to calculate the partial derivatives
and dividing the result by the standard deviations of the s
estimates, which are also approximated using Eq.~13! where
the subscripts are identical, yields~see the Appendix!

ra'
(v i

~v i
22v2!2rBSC~v i !

(v i
~v i

22v2!2
, ~14!

wherera is the correlation between size estimates.

III. METHOD

A. Spectral coherence

To test Eq.~9!, rf data were simulated for a linear arra
transducer interrogating a uniform scattering medium25

Each of 11 data sets contained 181 rf echo data lines si
lated for transducer rotation increments of 0.5 degrees ab
the transmit focus of the transducer~3 cm! from a minimum
angle of 0 degrees to a maximum of 90 degrees. The ba
ground medium speed of sound was set to 1540 m/s, and
attenuation to zero for convenience. Scatterers~4000/cm3! of
diameter 50 micrometers were randomly dispersed within
background medium, and their locations reordered for e
data set. The transducer aperture was set to 1.5 cm, the c
frequency to 5 MHz with 100 percent bandwidth, and neith
apodization, dynamic receive focus, nor dynamic apert
were used. However, to simplify the calculation of Eq.~9!
while approximating the effects of dynamic receive foc
and dynamic aperture, the field amplitude was artificially
stricted to be invariant with depth near the transmit foc
i.e., the region from which rf data segments were selecte

For a specified segment length, spectral estimates w
produced for each rf line by gating the signal with a recta
gular window of that length centered about the rotati
center/transmit focus of the transducer, and generating a
riodogram with the result.@Although other windows could
have been employed, the accuracy of the gating approxi
tion of Eq. ~1! may be reduced for some of the more typic
types given that it does not take window shape into accou#
To estimate spectral coherence as a function of rotation a
and frequency for comparison with Eq.~9!, for every spectral
frequency point of each data set, covariance was estimate
a function of angle, theta, by pairing the periodogram va
for each rf line with the value for the line corresponding to
rotation increment of theta degrees. The covariance estim
were then averaged across data sets to reduce noise
normalized to produce coherence curves for each freque
point.

Theoretical values were obtained by numerically in
grating Eq.~9!. Because the simulation incorporated a line
array without apodization, the point-spread function us
was sinc„sin(px)/(px)… squared. Since the field amplitud
was artificially made invariant in the focal region, only th
position and phase of the fields changed over the rang
integration. The integration limits were approximate
roughly by setting them according to the gate length:ymin

5(2l/2)cosw andymax5(l/2)cosw.
1835Gerig et al.: Angular compounding in size estimation
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B. Size estimate correlation

The accuracy of Eq.~14! was also explored using simu
lated data. However, rather than use the code of the prev
section, for which a backscatter correlation must be ca
lated, new code was written which would generate pairs o
Fourier transforms according to a specified function of
herence over frequency. Assuming Rayleigh scattering st

FIG. 2. Spectral coherence versus angle for a gate length of 10 mm
frequencies of~a! 3 MHz, ~b! 5 MHz, and~c! 7 MHz. Dots are theoretica
values, and solid and dashed lines are the results of simulation experim
1836 J. Acoust. Soc. Am., Vol. 116, No. 3, September 2004
us
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rf
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tics, this could be done by drawing randomly the real a
imaginary parts of the transform for individual frequen
points in pairs, corresponding to the two different transdu
positions, from a joint-Gaussian distribution with ze
mean,15 var5ABSC(v)/2, and r(v)5ArBSC(v), where,
again,rBSC(v) was selected. BSC~v! had a functional form

nd

ts.

FIG. 3. Spectral coherence versus angle for a gate length of 15 mm
frequencies of~a! 3 MHz, ~b! 5 MHz, and~c! 7 MHz. Dots are theoretical
values, and solid and dashed lines are the results of simulation experim
Gerig et al.: Angular compounding in size estimation
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which corresponds to a Gaussian spatial autocorrela
function, where the effective size was also a selected par
eter.

Ten data sets of 300 Fourier transform pairs each w
generated for several different functions of backscatter c
relation. The effective scatterer diameter was set to 75
and the bandwidth to 100 percent at a center frequency
MHz. For each backscatter correlation function, a pe
odogram was produced and the scatterer size estimate
every transform. Scatterer size correlation was then e
mated for each data set by pairing the size estimates for
Fourier transform pair. The results were averaged across
sets to reduce estimate noise. Theoretical values, for c
parison, were generated numerically according to Eq.~14!.

IV. RESULTS

A. Spectral coherence

Figures 2 and 3 contain spectral coherence results
two gate lengths and typical frequencies used in size est
tion and imaging. For each graph, theoretical and simula
values of coherence are plotted as a function of rota
angle. Dots represent theoretical values, while dashed l
connect simulation results for which averaging, as descri
in the previous section, was performed across the eleven
variance estimates before normalization. Coherence
mates produced using this method are inherently biased
~i.e., the estimator itself is biased!, and become worse a
fewer covariance estimates are averaged before norma
tion. As a result, proper error bars for these values could
be generated by calculating the standard deviation for in
vidual normalized covariance estimates. The results o
separate calculation were therefore included which, altho
less accurate, allow for error bar generation. Nine of
eleven covariance estimates were divided into three gro
of three. Each group of three was averaged and subsequ
normalized. Means and standard deviations were then ca
lated across groups. The results appear as solid lines in
figures. The dashed lines are less biased than the solid l
but the error bars of the solid lines indicate the general p
cision of the estimates.

In all cases, the agreement between simulation and
oretical values appears to be good. The coherence estim
bias is believed to be a contributing factor to consisten
lower simulation values. However, the disagreement app
to become worse with increasing angle and decreasing
quency for gate lengths shorter than those of Figs. 2 an
suggesting that the integration limit approximation describ
in Sec. III may fail to include significant portions of non
overlapping acoustic fields in these cases. A more comp
treatment of the integration limits and the inclusion of ad
tional, independent data sets may therefore alleviate som
the disagreement.

B. Size estimate correlation

Figure 4 displays the results for size estimate correla
as a function of the associated coherence between rf Fo
J. Acoust. Soc. Am., Vol. 116, No. 3, September 2004
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transforms. Two simple cases were explored. The first
sumes that backscatter correlation for a given rotation an
is constant with frequency, which is generally expected wh
the rotated point spread function overlaps significantly w
the original over the gated region for all frequencies with
the transducer bandwidth~see Sec. V!. The second assumes
monotonic decrease of backscatter correlation with f
quency, which is commonly expected when the rotated po
spread function does not overlap significantly with the ori
nal. For the sake of simplicity, a linear decrease in corre
tion with frequency was assumed for this case. Althou
some agreement between theory and simulation is evid
the theoretical approximation appears to consistently ove
timate the true size estimate correlation. In both cases,
error becomes progressively worse as correlation increa
The source of the error appears to be in the approxima
itself @Eq. ~14!#, and caution is therefore suggested in its u
especially for higher values of correlation.

FIG. 4. Size estimate correlation versus rf Fourier transform coherence
suming ~a! a constant transform coherence and~b! a linearly decreasing
transform coherence with frequency. Minimum and maximum transfo
coherence values for~b! are as follows: 1: 0.2–0.3, 2: 0.2–0.5, 3: 0.2–0.
4: 0.2–0.9, 5: 0.4–0.9, 6: 0.6–0.9, and 7: 0.8–0.9.
1837Gerig et al.: Angular compounding in size estimation
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V. DISCUSSION: IMPLICATIONS FOR THE
STATISTICAL ANALYSIS AND OPTIMIZATION
OF ANGULAR COMPOUNDING

Given sufficient accuracy of the theoretical spectral
herence and size estimate correlation formulas as show
Figs. 2–4, the statistical analysis and optimization of angu
compounding techniques applied to scatterer size estima
and imaging becomes possible. For example, consider
simple case discussed previously, where an aperture is
tated about the location of its transmit focus as in Fig.
Assume that rf signals are collected at regular angular in
vals,Du, and that compounding of the data is done after s
estimation rather than before, i.e., scatterer size estimate
opposed to spectral or backscatter estimates, are aver
Using Eq.~9! in conjunction with Eq.~14!, an expression for
the correlation between size estimates as a function of a
lar separation,r â(n Du), for a specific set of ultrasonic sys
tem parameters, can be derived. Assuming that a total oN
signals are recorded, corresponding to a maximum c
pounding angle ofN Du, the theoretical improvement in th
size estimate SNR after compounding is given by16

SNRcomp

SNR
5FA1

N
12(

n51

N
~N2n!

N2
r â~n Du!G21

. ~15!

By analyzing this value as a function of system parame
and angular increment, it becomes possible not only to
sign compounding experiments with the desired level of
fectiveness~as quantified by the SNR! without correlation
n

n
re
by
n
in

ns
ot
.
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measurements, but also to optimize these parameters in o
to maximize performance.

Although statistical analysis and optimization can
ways be done numerically, it is difficult in general to dete
mine, analytically, the dependencies of spectral cohere
size estimate correlation, and size estimate SNR upon sys
parameters. However, for the simple case described abo
few assumptions and simplifications can be introduced
make analytical progress possible. This, in turn, allows
some general conclusions regarding the use and optimiza
of angular compounding to be made, connects this work w
that done for speckle, and provides insight into the phys
mechanisms responsible for size estimate decorrelat
Minimizing size estimate correlation as a function of angu
separation is generally necessary for optimizing compoun
size estimate/image SNR, and is the case for the sim
set-up under consideration here based upon the form of
~15!. The following analysis will therefore focus both upo
the first steps toward obtaining an analytical solution for s
estimate correlation as a function of angle and the adjustm
of experimental parameters for its minimization.

Assume, for the sake of simplicity, that the point-spre
function for the system is adequately represented by a
squared function, and that the amplitude of the field, as e
lier, does not vary significantly in the axial direction near t
transmit focus.

Approximating the distance in the phase of Eq.~9! as
2bx/z0 yields18
r1,2~v!'

E
V1,2

dx dysinc2F D

z0l
~x cosw2y sinw!Gsinc2F D

z0l
~x cosw1y sinw!Ge22ki~bx/z0!

E
V1,2

dx dysinc4S Dx

z0l D , ~16!
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e is,
for the coherence between Fourier transformed segme
whereD is the transducer aperture width,l is the wavelength
which corresponds to wavenumberk, z0 is the distance from
the transducer to the transmit focus, andb is again the dis-
tance from position 1 to position 2~see Fig. 1!. From here,
two simplifying assumptions can be made which will be co
sidered separately. First, the dependence of the point-sp
function position upon rotation angle will be neglected
using the approximationw'0. Assuming that the integratio
limits can be adequately handled by limiting integration
the y-direction from2 l /2 to l /2 gives

r1,2~v!'

E dx sinc4S Dx

z0l De22ki~bx/z0!

E dx sinc4S Dx

z0l D . ~17!

This is simply a normalized, one-dimensional Fourier tra
form, and is equivalent to the result, studied in detail by b
Wagner and O’Donnell,16,18 obtained for speckle correlation
ts,

-
ad

-
h

To distinguish this result from the next, hereafter it will b
referred to as phase decoherence~i.e., loss of coherence with
angle!, since any deviation from complete coherence is
result of a nonzero rotation angle contained in the ph
term. The physical mechanism responsible for this type
decoherence is the change in position, relative to the tra
ducer aperture, of scatterers contained within the gated
sonifying beam as the aperture rotates. The phase deco
ence mechanism tends to be the dominant source
decoherence when the beam overlaps its original loca
significantly with rotation.

Without going into the details of the solution to Eq.~17!,
the result, like most correlation curves, starts at one fo
zero rotation angle, and falls to zero as the angle increa
As both Wagner and O’Donnell indicate, it is a function o

b

D
'

u

D/z0
. ~18!

The characteristic length of the phase decoherence curv
Gerig et al.: Angular compounding in size estimation
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therefore, completely independent of frequency and g
length, but proportional to the aperture size and invers
proportional to the depth of the transmit focus. In essen
this result indicates that wider fields lead to quicker decoh
ence, and thus a more rapid decorrelation of size estim
with angle, when the phase term is the source of that de
herence. With wider fields, more scatterers away from
rotation center, where the relative change in position w
aperture rotation is greater, contribute to the rf signal. Ho
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ever, the invariance of Eq.~17! with frequency indicates tha
changes in field width due to frequency shifts are negated
offsetting changes to the frequency dependent phase ter

The second case neglects decoherence due to p
changes completely and considers decoherence due to b
movement@i.e., the change in position of the field amplitud
term of Eq.~16! with rotation# only by utilizing the approxi-
mationb'0, cosw'1:
r1,2~v!'

E
V1,2

dx dysinc2F D

z0l
~x2y sinw!Gsinc2F D

z0l
~x1y sinw!G

E
V1,2

dx dysinc4S Dx

z0l D , ~19!
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where the integration limits will be handled as before. T
numerator is simply a convolution of the sinc squared fu
tion in thex-direction, and an integration of the result in th
y-direction. The decoherence associated with this approxi
tion, hereafter, will be referred to as field amplitude decoh
ence. The primary physical mechanism responsible for
type of decoherence is the incorporation of new scatte
within, and exclusion of old scatterers from, the beam a
rotates about the center of the gated region. This mechan
tends to be the dominant source of decoherence when
field amplitude rotates off its original position quickly.

Without generating an analytical solution, it can be de
onstrated that Eq.~19! is a function of

lD2 sinw

z0l
'

lDu

z0l
. ~20!

Making the change of variablex5(lz0 /D)x82y sinw, the
numerator of Eq.~19! becomes

E
2 l /2

l /2 E
2`

` lz0

D
sinc2S 2D

lz0
y sinw2x8D sinc2~x8!dx8 dy.

~21!

Integrating yields

E
2 l /2

l /2 lz0

D
f S 2D

lz0
y sinw Ddy, ~22!

where f is the convolution of sinc2. Integrating again pro-
duces

lz0l

DC
@F~C/2!2F~2C/2!#, ~23!

whereC is the quantity of Eq.~20! andF is the integral off.
Upon normalization, Eq.~23! becomes a function ofC alone.

In contrast to the previous results for phase decohere
Eq. ~20! indicates that narrower fields yield faster field am
plitude decoherence. Essentially, narrower fields tend
separate from their original positions to incorporate n
scatterers and exclude old ones much more quickly with
tation than broader fields. The characteristic length of
e
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a-
r-
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rs
it
m
he

-

e,

to

-
e

field amplitude decoherence is also inversely proportiona
gate length. The larger the gate, the more nonoverlapp
field is generally included in the numerator integral of E
~19!.

The results for field amplitude and phase decohere
suggest some general principles for the minimization of s
estimate correlation as a function of angle. Practically, ex
nal constraints on experimental parameters, due to resolu
requirements for example, restrict any given system to
eration in a specific region of parameter space. If the mec
nism responsible for phase decoherence is negligible wi
that region, then the minimization conditions discussed
field amplitude decoherence~i.e., maximally narrow beams
and long gates! minimize both the total decoherence of E
~16! and, with adjustments to account for the frequency
pendent weighting of Eq.~14!, size estimate correlation
Conversely, if the mechanism responsible for field amplitu
decoherence is negligible, then the phase decoherence m
mization conditions apply for minimizing the total decohe
ence and size estimate correlation@the weighting of Eq.~14!
is irrelevant in this case since phase decoherence is
quency independent#.

In reality, however, both mechanisms will generally co
tribute to the total decoherence with aperture rotation. If t
is indeed the case, then minimizing conditions may be m
complex. One physical mechanism will often domina
changes to the total decoherence as parameters are ad
within a particular parameter space, in which case the m
mizing conditions of that mechanism will apply. However,
local maximum or minimum in total decoherence may ex
within the open parameter space where, regardless of pa
eter changes, total decoherence either exclusively incre
or decreases. In such cases, as with any similar optimiza
problem, either the location of the local minimum or th
boundaries of the open parameter space will determine
total decoherence minimization conditions.

It should be noted that if the field amplitude decoheren
mechanism is a source of decoherence for a given se
parameters, an inherent loss of resolution accompanies
1839Gerig et al.: Angular compounding in size estimation
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size
implementation of angular compounding. This is due to
fact that, upon rotation, new scatterers located within nei
boring resolution cells contribute significantly to the ec
signal. Different spatial compounding techniques~e.g., com-
pounding estimates from parallel beams!, which degrade
resolution to a corresponding degree, may therefore be
as effective as, and perhaps easier to implement than, an
compounding in instances where the phase decoher
mechanism contributes little to the total decoherence. In c
trast, little to no resolution is lost when phase decoherenc
predominant. Regardless of the rotation angle, here it is
same scatterers, located within a single resolution cell, wh
produce the echo signal. As a result, if angular compound
is being considered for a system and set of parameters
which the field amplitude decoherence mechanism is sig
cant yet losses in resolution are unacceptable, then ang
compounding should not be implemented. However, if
phase decoherence mechanism is the sole source of dec
ence, then angular compounding will only be beneficial.

VI. CONCLUSION

General expressions for the correlation between ba
scatter coefficient and scatterer size estimates, generate
the same tissue location but from different angles of in
dence, were derived and compared against simulation res
These formulas can be used to determine the relations
between experimental system parameters and measur
performance such as SNR, making technique optimiza
possible at the theoretical level.

In general, two different mechanisms appear to be
sources of rotation decoherence between spectral estim
The first is the change of relative scatterer position with
erture rotation, which is responsible for changes in the ph
term of Eq.~16!. The second is the change in position of t
acoustic field itself, such that successive rotated fields s
rate from prior ones. These two mechanisms generally af
the total decoherence in an opposing manner with chan
experimental parameters, making optimization conditio
dependent upon the dominant source of the change in c
bined decoherence. Although both phase and field amplit
spectral decoherence ultimately result in improved SNR
compounded size estimates, it should be noted that the
an inherent loss of resolution associated with field amplitu
decoherence. As a result, angular compounding may not
nificantly outperform other spatial compounding techniqu
that trade image resolution for SNR in cases where ph
decoherence is insignificant.
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APPENDIX: FIELD INTEGRALS AND DERIVATION OF
EQ. „14…

1.

The field integrals, which first appear in Eq.~1!, have
the form
1840 J. Acoust. Soc. Am., Vol. 116, No. 3, September 2004
e
-

st
lar
ce

n-
is
e
h
g
or
-
lar
e
her-

k-
for
-
lts.
ps
of

n

e
tes.
-

se

a-
ct
ng
s
m-
de
r
is

e
ig-
s
se

At~r ,v!5E
S
dr 8 Kt~r 8!

eikur2r8u

ur2r 8u
e2a~v!ur2r8u,

Ar~r ,v!5E
S
dr 8 Kr~r 8,ur2r 8u!

eikur2r8u

ur2r 8u
e2a~v!ur2r8u,

where the integration is over the face of the transducer~S!,
Kt contains transmit phase and amplitude modifying term
such as those for apodization and transmit focusing, andKr

contains analogous receive terms, including those for
namic receive focusing, dynamic aperture, and apodizat
a~v! is the medium attenuation, andk is the wavenumber
corresponding tov.

2.

Using Eq.~10! to calculate the partial derivative for Eq
~13! yields

]â

]BŜC~v i !
5

2d1
2c2

80

~v i
22v2!

(vmin

vmax~v22v2!2

10

^BŜC~v i !&

1

2â
,

where, as described in the text, the derivative has been ev
ated at the expected value of the backscatter estimator
serting this expression into Eq.~13! gives

cov~ â1 ,â2!'S 2d1
2c2

80 D 2S 10

2âD 2 (v i
~v i

22v2!2rBSC~v i !

@(vmin

vmax~v22v2!2#2
.

Thus,

var~ â!'S 2d1
2c2

80 D 2S 10

2âD 2 1

@(vmin

vmax~v22v2!2#

and dividing the covariance by the variance yields the co
lation of Eq.~14!.
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