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Abstract—Spatial angular compounding for elastography
is a new technique that enables the reduction of noise arti-
facts in elastograms. This technique is most effective when
the angular strain estimates to be averaged or compounded
are uncorrelated. In this paper, we present a theoretical
analysis of the correlation between pre- and postcompres-
sion radio-frequency echo signals acquired from the same
location but at different beam insonification angles. The
accuracy of the theoretical results is verified using radio-
frequency pre- and postcompression echo signals acquired
using a real-time clinical scanner on tissue-mimicking uni-
formly elastic and homogenous phantoms. The theory pre-
dicts an increased signal decorrelation with an increase in
the beam-steered insonification angle as the applied strain
increases and for increasing depths in the medium. Theoret-
ical results provide useful information regarding the correla-
tion of the angular strain estimates obtained from different
beam angles that helps in finding optimum compounding
schemes for elastography.

I. Introduction

Spatial-angular compounding for strain imaging or
elastography was recently introduced by our group [1]–

[3] as a method of reducing noise artifacts in elastograms.
Here, pre- and postcompression radio-frequency (RF) echo
signals are acquired at multiple insonification angles for
a unidirectional, quasistatic compression. Angular elas-
tograms estimated at different angles are weighted, then
averaged to generate a compounded elastogram. However,
to perform efficient spatial angular compounding, it is es-
sential to derive an optimum angular increment to obtain
independent angular strain measurements. The most ef-
ficient compounding scheme would be to average strain
measurements with independent, uncorrelated noise [4].
In our previous work [5], [6], we derived the correlation
between pre- and postcompression RF signals acquired
from a specific beam angle. In this paper, we follow the
framework used in [5], [6] to derive the correlation between
precompression RF signals acquired from one beam angle
and postcompression RF signals acquired from a different
beam angle. The difference between these two angles is
referred to as the rotation angle. To corroborate the the-
oretical development, experimental results using a tissue-
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mimicking phantom are presented that verify the theoret-
ical expressions derived in this paper. Various factors such
as applied strains, center frequency, and aperture size of
the transducer that affect the correlation coefficient versus
the rotation angle are discussed. The derived expression
for the correlation coefficient provides useful information
to obtain an optimum scheme for angular compounding
techniques in elastography.

II. Theory

The schematic diagram illustrating the acquisition of
pre- and postcompression RF signal is shown in Fig. 1. It
is assumed that the precompression signals are obtained
from scatterers at position O1 with beam steering angle θ1.
A quasistatic compression then is applied to the medium
along the −z direction. Thus, scatterers around O1 move
to position O′

1 after compression. Here we assume that O1
is at the center of the medium and does not incur any lat-
eral displacement. The postcompression signal arises from
scatterers at position O2, which is the projection point of
O′

1 on the ultrasound beam with angle θ2. We establish
our coordinates by setting the midpoint of the position of
the two transducer’s aperture as the coordinate origin, as
shown in Fig. 1. So the center of the aperture for the pre-
compression signals is positioned at A1 (b/2, 0), and the
center of the aperture for postcompression signals is posi-
tioned at A2 (−b/2, 0). The cross correlation between the
signals acquired before and after compression are modeled
as follows (similar to that described in (14) in our previous
work [5]):

〈s1s
∗
2〉=B′

∫∫ ∣∣px(l′1)
∣∣∣∣pz(l′′1 )

∣∣∣∣px(l′2)
∣∣∣∣pz(l′′2 )

∣∣ exp(j∆φ)dxdz,
(1)

where s1 and s2 denote ultrasonic RF echo signals before
and after compression. The subscripts 1 and 2 refer to
the pre- and postcompression signals, respectively. B′ is
a normalization factor, pz and px represent the axial and
lateral beam point-spread functions (PSF), and ∆φ is the
phase difference between pre- and postcompression signals,
which can be written as 4π (R2 − R1) /λ0, where λ0 is the
wavelength at the center frequency, R1 and R2 are the
distances from the scatterer to the transducer for the pre-
and postcompression situations, respectively:

R1 =
√

(x − b/2)2 + z2,

R2 =
√

(x + b/2)2 + (z/a)2,

R2 − R1 =
(1 − a2)z2 + 2a2bx

a2(R1 + R2)
,

(2)

where a is the strain factor defined in terms of the actual
tissue strain ε, a = 1/(1 − ε) ∼ 1 + ε for ε � 1, b is the
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Fig. 1. Schematic of the acquisition of the pre- and postcompression
RF signals with beam steering angle θ1 and θ2, respectively. The
precompression RF signals come from scatterers at position O1, and
the postcompression signals are corresponding to the scatterers at
location O2.

distance between the two apertures of the transducer given
by b = z01(tan θ1 − tan θ2).

The lateral distances from the scatter to the beam axis
for pre- and postcompression, respectively, are written as:

l′1 = (x − x01) cos θ1 − (z − z01) sin θ1,

l′2 = (x − x02) cos θ2 − (z/a − z02) sin θ2.
(3)

Similarly, the axial distances from the scatterer to the
center point are written as:

l′′1 = (x − x01) sin θ1 + (z − z01) cos θ1,

l′′2 = (x − x02) sin θ2 + (z/a − z02) cos θ2.
(4)

For small beam angles (θ < 10◦), sin θ � cos θ, and
the sin θ term in (3) and (4) can be ignored. The phase
term exp [4π j(R2 − R1)/λ0] is a function of x and z. Be-
cause only scatterers close to the point of interest con-
tribute to the signal, we can approximate the phase term
as: exp

[
4πjbx/z01λ0 + 2πjz(1 − a2)/a2λ0

]
. We then can

perform the integral along the lateral and axial direction
separately as described by Wagner et al. [7] to obtain (5)
(see next page).

Let c1 = cos2 θ1 and c2 = cos2 θ2, and the correlation
coefficient is obtained as follows:

ρ =
〈s1s

∗
2〉√

〈s1s
∗
1〉 〈s2s

∗
2〉

= 2
√

ac1c2

(c1 + c2)(a2c1 + c2)
F1F2,

(6)

where F1 and F2 can be written as:

F1 = exp
[
− c1c2

2σ2
x(c1 + c2)

(x01 − x02)2
]

· exp
(

−2π2σ2
xf2

c1 + c2

)
f=2b/z01λ0

, (7)

Fig. 2. Comparison between numerical and approximated results
of correlation coefficient curves versus rotation angle at differ-
ent percent strain compressions of s = 0.5 and 3%, respectively.
Depth = 6 cm, L = 3 mm, D = 3 cm, fc = 5 MHz. The transmit
focus is at a depth of 6 cm.

F2 = exp
[
− c1c2

2σ2
z(a2c1 + c2)

(z01 − az02)2
]

· exp
(

−2π2σ2
za2f2

a2c1 + c2

)
f=(1−a2)/a2λ0

. (8)

Here we have assumed that both the axial and lateral
PSFs have a Gaussian envelope with characteristic widths
σz and σx, respectively [5]:

pz(z) = exp(−z2/2σ2
z),

px(x) = exp(−x2/2σ2
x).

(9)

The effect of the finite window length on the correla-
tion coefficient is considered in the same manner as de-
scribed in (21) in [5]. Fig. 2 presents a comparison of the
theoretical correlation coefficient curves obtained using a
numerical integration of (14) in [5] and the approximated
expression given by (6)–(8). Correlation coefficient curves
are plotted as a function of the rotation angle, which is
defined as the difference between θ1 and θ2. We use the
following parameter values for the calculations: window
length L = 3 mm, transducer aperture D = 3 cm, cen-
ter frequency fc = 5 MHz with a 50% bandwidth, and
z01 = 6 cm. The lateral PSF was approximated using a
value of σx = 0.2 mm. The correlation coefficient is cal-
culated for the two different values of the applied percent
strain, namely s = 0.5% and 3%. Note that for both ap-
plied strain values the approximated curves (dashed lines)
are very close to the numerical results (solid lines) at small
beam angles (< 10◦) as illustrated in Fig. 2. However, the
deviation between the exact numerical solution and the
closed form solution obtained using the simplifying as-
sumption becomes larger as the insonification angle in-
creases. This result demonstrates that the approximation
is accurate only when the beam angle is small, and there-
fore, it is not applicable for larger insonification angles.
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〈s1s
∗
2〉 =

∫∫ ∣∣px(l′1)
∣∣∣∣pz(l′′1 )

∣∣∣∣px(l′2)
∣∣∣∣pz(l′′2 )

∣∣ × exp [4π j(R2 − R1)/λ0] dxdz

=
∫ ∣∣px [(x − x01) cos θ1]

∣∣px [(x − x02) cos θ2] exp [4πjbx/z01λ0] dx

·
∫ ∣∣pz [(z − z01) cos θ1]

∣∣pz [(z/a − z02) cos θ2] exp
[
2πjz(1 − a2)/a2λ0

]
dz

= FT
{∣∣px [(x − x01) cos θ1]

∣∣px [(x − x02) cos θ2]
}

f=2b/z01λ0

· FT
{∣∣pz [(z − z01) cos θ1]

∣∣pz [(z/a − z02) cos θ2]
}

f=(1−a2)/a2λ0
.

(5)

Fig. 3. Comparison between theoretical prediction and experimen-
tal results of the correlation coefficient between precompression RF
segments acquired at 0 degree and postcompression RF segments
acquired at different beam angles. L = 3 mm, D = 8 mm.

III. Experimental Results

To verify the accuracy of the proposed theoretical re-
sults, we used experimental RF data to compute the nor-
malized correlation coefficient and compare these results to
the theoretical prediction. The experimental setup and pa-
rameters are similar to that discussed in our previous work
[5], and it is described below. Pre- and postcompression
RF data were obtained using a uniformly elastic tissue-
mimicking (TM) phantom of size 10× 10× 10 cm3, manu-
factured in our laboratory [8]. The phantom was scanned
using an Ultrasonix 500RP (Ultrasonix Medical Corpora-
tion, Bothell, WA, and Vancouver, BC, Canada) real-time
scanner equipped with a 5 MHz linear-array transducer
with an approximate 60% bandwidth. Echo signals were
acquired, from a 40 × 40 mm2 region of interest (ROI)
(starting at a depth of 1 cm under the transducer) for ap-
plied strains of 1%. The transducer aperture size is 8 mm,
and the transmit focus is at the 3-cm depth. A central lo-
cation of interest was selected within the scanning plane of
the TM phantom, 3-cm away from the transducer face and
along the central beam line for the precompression signal
at a 0 degree insonification angle. The postcompression
echo signal then was selected for each subsequent insoni-
fication angle, to lie on the beam line that was closest to
the location or point selected on the precompression data

segment. A finite-duration rectangular RF data segment of
3 mm (about 10 wavelengths) centered at that point was
selected for the postcompression signal. The resultant cor-
relation coefficient curves were averaged and plotted as a
function of rotation angle in Fig. 3. The error bars denote
the standard deviation of the mean estimates over 10 in-
dependent data sets. The theoretical prediction, obtained
by calculating (6), is plotted as a dashed line. A good
agreement is found between the numerical calculation of
the theoretical expression and the experimental result for
rotation angles smaller than 6 degrees. The discrepancy
between the theoretical prediction and the experimental
results for rotation angles larger than 6 degrees is primarily
due to the residual correlation present in finite-duration,
digitized experimental signals. Here the correlation coeffi-
cient is always around 0.4 and does not decrease any fur-
ther for rotation angles larger than 6 degrees.

IV. Discussion

Spatial-angular compounding can significantly reduce
noise artifacts in the compounded elastograms, but at the
expense of additional processing time required for displace-
ment and strain estimations along the different angular di-
rections. The most efficient compounding approach would
be to average independent, uncorrelated angular strain es-
timates [4]. A clear understanding of the correlation be-
tween angular strain estimates, therefore, is essential in
finding an optimum angular increment to perform efficient
spatial angular compounding. However, it is complicated
to estimate the correlation coefficient between the angular
strain estimates because they are obtained as the gradient
of local displacement estimates. The local displacement
estimates are computed using cross-correlation analysis of
pre- and postcompression RF signals. Here we use the cor-
relation coefficient between precompression RF signal at
the zero degree angle and postcompression RF signal at
the different specified angles, to assess the correlation be-
tween the angular strain estimates obtained. In this case,
the rotation angle is equal to the beam angle from which
postcompression RF signals are acquired. In the follow-
ing paragraphs we will discuss how the rotation angle and
other system factors affect the correlation between pre-
and postcompression signals obtained from different beam
insonification angles. All the results presented in Figs. 4–
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Fig. 4. Correlation coefficient versus rotation angle for different values of applied strain (s). Theoretical results are shown for RF segments
centered at (a) 3 cm and (b) 6 cm depth with 3 mm length. Dynamic receive aperture with a F-number of 2, fc = 5 MHz.

Fig. 5. Plots of the correlation coefficient versus the rotation angle
for different transducer center frequencies. Theoretical results are
obtained using 3-mm RF segments centered at a depth of 3 cm for
1% applied strain, and the transducer aperture is 1.5 cm.

6 are theoretical predictions of the correlation coefficient
calculated using (6) (using the simplifying assumptions de-
scribed in Section II).

Fig. 4 shows the correlation coefficient curves as a func-
tion of rotation angle using RF segments obtained at a
depth of 3 cm and 6 cm, respectively. Results for applied
strain values of 0, 1, 2, and 3% also are compared in Fig. 4.
Here the length of RF segments was 3 mm, center fre-
quency of ultrasound beam was 5 MHz, the receive aper-
ture of the transducer was assumed to be dynamically ad-
justed with an F-number of 2, and the transmit focus was
at a depth of 3 cm and 6 cm, respectively. As illustrated
in Fig. 4, the decorrelation rate of the RF signal pairs in-
crease with the applied strain. This is easily explained by
the fact that, with an increased applied strain or compres-
sion, more scatterers would leave the region covered by the
ultrasound beam with newer scatterers from surrounding
regions entering the beam, leading to the increased decor-
relation, as illustrated in Fig. 1. The effect of the depth
at which the RF segments are acquired also is observed in
Fig. 4. As expected, deeper segments of RF signals decor-

Fig. 6. Correlation coefficient versus rotation angle for different D
transducer aperture sizes. Theoretical results are obtained using 3-
mm RF segments centered at a depth of 3 cm for 1% applied strain,
and the insonification frequency is 5 MHz.

relate more rapidly with an increase in the rotation angle.
This is due to the geometric location of the scatterers and
beam lines before and after compression, as illustrated in
Fig. 1. Consider the scatterers that contribute to the pre-
compression RF segment centered at point O1. After com-
pression, these scatterers move to the locations centered
at point O′

1, which lie outside the postcompression beam
width, leading to the increased signal decorrelation. The
distance that the scatterers move increases with depth and
applied strain. Therefore, the correlation coefficient value
decreases rapidly at deeper locations and for larger ap-
plied strains. This indicates that smaller angular incre-
ments should be chosen when a larger applied strain or
compression is used or for angular estimates acquired at
deeper locations in the sample.

Fig. 5 shows correlation coefficient versus the rotation
angle for different insonification frequencies. These theo-
retical results are obtained using 3-mm RF segments cen-
tered at a depth of 3 cm for 1% applied strain. As illus-
trated in Fig. 5, the decorrelation of RF signal pairs in-
creases with the center frequency of the transducer. In this
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situation, the ultrasound beam becomes narrower with an
increase in the center frequency leading to an increased
number of scatterers moving in and out of the beam in
the cross-beam direction with the applied compression. Al-
though an increase in the center frequency would result in
more rapid phase changes with changes in rotation angle,
the concomitant narrower beam would restrict the scatter-
ers contributing to the ultrasound signal closer to the cen-
ter point. These two opposite effects cancel, and the major
contribution of decorrelation comes from scatterers mov-
ing out of beam after compression. Therefore, the angular
increment should be smaller when higher center frequency
is used during angular compounding for elastography.

Fig. 6 plots the theoretical correlation curves for differ-
ent transducer apertures. The RF segment studied here is
again centered at a 3-cm depth with 1% strain, and the
segment length is 3 mm. The insonification frequency used
is 5 MHz. Note from Fig. 6 that the correlation curve falls
off quickly with rotation angle for smaller apertures. At a
specified depth, a smaller aperture corresponds to a wider
beam. Although fewer scatterers would leave the beam af-
ter compression when the beam is wider, more scatterers
further away from the center point would contribute to the
ultrasound signals that would lead to phase difference be-
tween pre- and postcompression RF signals. In a certain
range of beam widths, the effect of phase difference be-
tween pre- and postcompression RF signals, as illustrated
by the second term in (7), is the major contribution of
decorrelation between RF signals.

V. Conclusions

We have derived a theoretical expression described in
(6) for the decorrelation between pre- and postcompres-
sion RF echo signals acquired from different beam angles.
This work is based on previous theoretical results derived
by Chen et al. [6], in which the analysis of the correlation
between RF signal acquired from the same location but
at different angles was presented. We extended the anal-
ysis to study the combined effect of strain and rotation
angle on the correlation of a finite-sized RF echo signal
segment. The theoretical prediction closely matches ex-
perimental results. This theoretical formulation is useful
for optimizing the use of spatial angular compounding in
elastography, in which angular strains estimated from echo
signals scanned at different beam angles are utilized to per-
form a weighted averaging to obtain axial strain estimates.

These theoretical results also help in optimizing improve-
ments in the axial strain image obtained using least square
approaches, in which the axial strain estimates are ob-
tained without assuming tissue incompressibility [9], and
for methods that use angular insonifications to obtain nor-
mal and shear strain estimates [10], [11].
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